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Abstract
In this paper Lowen type multi-fuzzy topological space has been introduced and charac-
terization of topology by its nbd system is studied. Also the product multi-fuzzy topological
space has been introduced and it has been investigated that 2nd countability and compactness
are finitely productive in multi-fuzzy topological spaces.
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1 Introduction
Fuzzy set theory, which was first initiated by Zadeh [15] in 1965, has become a very impor-
tant tool to solve many complicated problems arising in the fields of economics, social sci-
ences, engineering, medical sciences and so forth, involving uncertainties and provides an ap-
propriate framework for representing vague concepts by allowing partial membership. Many
researchers have worked on theoretical aspects and applications of fuzzy set theory over the
years, such as fuzzy control systems, fuzzy logic, fuzzy automata, fuzzy topology, fuzzy topo-
logical groups, fuzzy topological vector spaces, fuzzy differentiation etc. [1, 4, 5, 8, 9, 10, 11]. A
new type of fuzzy set (multi-fuzzy set ) was introduced in a paper of Sebastian and Ramkrishnan
[12] by ordered sequences of membership function. This notion of multi-fuzzy sets provides a
new method to represents some problems which are difficult to explain in other extensions of
fuzzy set theory[14]. The topological structure in this setting has been defined by Sebastian and
Ramkrishnan[13]. Also, Dey and Pal [2] introduced the notion of multi-fuzzy complex numbers,
multi-fuzzy complex sets, multi-fuzzy vector spaces etc. In this paper Lowen type multi-fuzzy
topology is introduced and characterization of nbd system is done. Continuity of functions is
studied. A notion of product of multi-fuzzy topologies is introduced and productive properties
of 2nd countability and compactness are also established.
2 Preliminaries
Definition 2.1. [12] Let X be a non-empty set and {Li : i ∈ P} be a family of complete lattices.
A multi-fuzzy set A in X is a set of ordered sequences A = {≺ x,µA1(x),µA2(x), ...,µAi(x), ... ≻:
x ∈ X}, where µAi(x) ∈ L
X
i , for i ∈ P. For the sake of simplicity we denote the multi- fuzzy set
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A= {≺ x,µA1(x),µA2(x), ...,µAi(x), ....≻: x ∈ X} as A=≺ µA1,µA2 , ...,µAi, ...≻ . The set of all
multi-fuzzy sets in X with {Li : i ∈ P} is denoted by ∏
i∈P
LXi .
Definition 2.2. [12] Let A,B be multi-fuzzy sets in ∏
i∈P
LXi . Then we have the following relations
and operations.
(i) A is said to be a multi-fuzzy subset of B, denoted by A⊑ B, if µAi ≤ µBi , for all i ∈ P;
(ii) A is said to be equal to B, denoted by A= B, if µAi = µBi , for all i ∈ P;
(iii) Intersection of A and B, denoted by A⊓B, is defined by µA⊓B =≺ (µAi ∧µBi)i∈P ≻;
(iv) Union of A and B, denoted by A⊔B, is defined by µA⊔B =≺ (µAi ∨µBi)i∈P ≻;
(v) complement of A, denoted by AC, is defined by µAC =≺ (µACi
)i∈P ≻, where µACi
is the
complement of the fuzzy set µAi;
(vi) a multi-fuzzy set is said to be null multi-fuzzy set, denoted by Φ¯, if µΦ¯i = 0¯, for all i ∈ P;
where 0¯ is the null fuzzy set;
(vii) a multi-fuzzy set is said to be absolute multi-fuzzy set, denoted by X¯ , if µX¯i = 1¯, for all
i ∈ P; where 1¯ is the absolute fuzzy set.
Definition 2.3. [13] A subset δ of ∏
i∈P
LXi is called a multi-fuzzy topology on X , if it satisfies the
following conditions:
(i) Φ¯, X¯ ∈ δ ;
(ii) the intersection of any two multi-fuzzy sets in τ belongs to τ .
(iii) the union of any number of multi-fuzzy sets in τ belongs to τ .
The triplet (X , ∏
i∈P
LXi ,δ ) is called multi-fuzzy topological space.The members of δ are said to
be δ− open multi-fuzzy sets or simply open multi-fuzzy sets in X . A multi-fuzzy set A ∈ ∏
i∈P
LXi is
called δ− closed if and only if its complement AC is δ− open.
Remark 2.4. [12] If the sequences of membership functions have only n−terms (finite number
of terms), n is called the dimension of A. If Li = [0,1] (for i= 1,2, ...n ), then the set of all multi-
fuzzy sets in X of dimension n is denoted by MnFS(X). The multi-membership function µA is a
function from X to In such that for all x in X , µA(x) =≺ µA1(x),µA2(x), ...,µAn(x) ≻ . For the
sake of simplicity we denote the multi- fuzzy set A= {≺ x,µA1(x),µA2(x), ...,µAn(x)≻: x ∈ X} as
A=≺ µA1 ,µA2, ...,µAn ≻ .
In this paper Ii = [0,1] (for i = 1,2, ..n) and M
nFS(X) i.e. the set of all multi-fuzzy sets in
X of dimension n is denoted by
n
∏
i=1
IXi .
Following Sebastian et al. [13] some definitions and preliminary results are presented in the
rest part of this section in our form.
Definition 2.5. Let X and Y be two non-empty sets and f : X →Y be a mapping. Then
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(i) the image of a multi-fuzzy set A ∈
n
∏
i=1
IXi under the mapping f is a multi-fuzzy set
n
∏
i=1
IYi ,
which is defined by µ f (A)(y) = ∨
y= f (x)
µA(x), A ∈
n
∏
i=1
IXi ,y ∈ Y.
(ii) the inverse image of a multi-fuzzy set B ∈
n
∏
i=1
IYi under the mapping f is a multi fuzzy set in
n
∏
i=1
IXi , which is defined by µ f−1(B)(x) = µB( f (x)), B ∈
n
∏
i=1
IYi ,x ∈ X .
Proposition 2.6. Let f : X → Y be a mapping and F1,F2,Fk ∈
n
∏
i=1
IXi , G,G
1,G2,Gk ∈
n
∏
i=1
IYi , for
k ∈△. Then
(i) f (Φ¯X) = Φ¯Y ;
(ii) F1 ⊑ F2 implies f (F1)⊑ f (F2);
(iii) f ( ⊓
k∈△
Fk)⊑ ⊓
k∈△
f (Fk);
(iv) f ( ⊔
k∈△
Fk) = ⊔
k∈△
f (Fk);
(v) f−1(Φ¯Y ) = Φ¯X and f
−1(Y¯ ) = X¯ ;
(vi) G1 ⊑ G2 implies f−1(G1)⊑ f−1(G2);
(vii) f−1( ⊔
k∈△
Gk) = ⊔
k∈△
f−1(Gk);
(viii) f−1( ⊓
k∈△
Gk) = ⊓
k∈△
f−1(Gk);
(ix) f−1(GC) = [ f−1(G)]C;
(x) Fk ⊑ f−1( f (Fk)), equality holds if f is injective;
(xi) f ( f−1(Gk))⊑ Gk, equality holds if f is surjective.
3 Lowen type multi-fuzzy topology
Unless otherwise mentioned by 0ˆ we denote the n-tuple (0,0, ..,0).
Definition 3.1. A multi-fuzzy set A in
n
∏
i=1
IXi is said to be non-null constant multi-fuzzy set if
µAi = c¯i, for all i= 1,2, ..,n; where c¯i(x) = ci, ∀x ∈ X is a constant fuzzy set with ci ∈ (0,1]. This
is denoted by CnX .
Note 3.2. The null multi-fuzzy set in
n
∏
i=1
IXi as defined in Definition 2.2 (vi) will be denoted by
ΦnX .
Definition 3.3. For a multi-fuzzy set F ∈
n
∏
i=1
IXi ,
(1) µF(x)≻ 0ˆ⇔ µFi(x)> 0, for all i= 1,2, ..,n.
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(2) µF(x) = 0ˆ⇔ µFi(x) = 0, for all i= 1,2, ..,n.
Definition 3.4. Let MX denote the collection of all multi-fuzzy sets in
n
∏
i=1
IXi such that F ∈MX
=⇒ for any x ∈ X , either µF(x)≻ 0ˆ or µF(x) = 0ˆ.
Definition 3.5. Let τ be a sub-collection of MX . Then τ is said to be a Lowen type multi-fuzzy
topology on X if
(i) ΦnX , C
n
X ∈ τ , where µCnX ,i = c¯i, for all i= 1,2, ..,n, and c¯i(x) = ci, ∀x ∈ X is constant fuzzy
set with ci ∈ (0,1].
(ii) the intersection of any two multi-fuzzy sets in τ belongs to τ .
(iii) the union of any number of multi-fuzzy sets in τ belongs to τ .
The triplet (X ,
n
∏
i=1
IXi ,τ) is called Lowen type multi-fuzzy topological space over X.
The members of τ are called multi-fuzzy open sets and a multi-fuzzy set is said to be multi-fuzzy
closed if its complement is in τ .
Definition 3.6. Let (X ,
n
∏
i=1
IXi ,τ) be a Lowen type multi-fuzzy topological space. A sub-collection
B of τ is said to be an open base of τ if every member of τ can be expressed as the union of
some members of B.
Definition 3.7. Let (X ,
n
∏
i=1
IXi ,τ) and (Y,
n
∏
i=1
IYi ,ν) be two Lowen type multi-fuzzy topological
spaces. A mapping f : (X ,
n
∏
i=1
IXi ,τ)→ (Y,
n
∏
i=1
IYi ,ν) is said to be
(i) multi-fuzzy continuous if f−1(A) ∈ τ,∀A ∈ ν .
(ii) multi-fuzzy homeomorphism if f is bijective and f , f−1 are multi-fuzzy continuous.
(iii) multi-fuzzy open if A ∈ τ ⇒ f (A) ∈ ν;
(iv) multi-fuzzy closed if A is multi-fuzzy closed in (X ,
n
∏
i=1
IXi ,τ)⇒ f (A) is multi-fuzzy closed in
(Y,
n
∏
i=1
IYi ,ν).
Proposition 3.8. Let (X ,
n
∏
i=1
IXi ,τ), (Y,
n
∏
i=1
IYi ,ν) and (Z,
n
∏
i=1
IZi ,ω) be Lowen type multi-fuzzy topo-
logical spaces. If f : (X ,
n
∏
i=1
IXi ,τ)→ (Y,
n
∏
i=1
IYi ,ν) and g : (Y,
n
∏
i=1
IYi ,ν)→ (Z,
n
∏
i=1
IZi ,ω) are multi-
fuzzy continuous (open) and f (X)⊆ Y , then the composition g◦ f : (X ,
n
∏
i=1
IXi ,τ)→ (Z,
n
∏
i=1
IZi ,ω)
is multi-fuzzy continuous (open).
Proof. Let H ∈ ω. Since g : (Y,
n
∏
i=1
IYi ,ν)→ (Z,
n
∏
i=1
IZi ,ω) is a multi-fuzzy continuous mapping,
it follows that g−1(H) ∈ ν. Again since f : (X ,
n
∏
i=1
IXi ,τ)→ (Y,
n
∏
i=1
IYi ,ν) is a multi-fuzzy con-
tinuous mapping, it follows that f−1(g−1(H)) ∈ τ ⇒ ( f ◦ g)−1(H) ∈ τ. So, the composition
g◦ f : (X ,
n
∏
i=1
IXi ,τ)→ (Z,
n
∏
i=1
IZi ,ω) is multi-fuzzy continuous.
The proof in the case of multi-fuzzy open mapping is similar.
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Proposition 3.9. Let (X ,
n
∏
i=1
IXi ,τ) and (Y,
n
∏
i=1
IYi ,ν) be two Lowen type multi-fuzzy topological
spaces. For a bijective mapping f : (X ,
n
∏
i=1
IXi ,τ)→ (Y,
n
∏
i=1
IYi ,ν), the following statements are
equivalent:
(i) f : (X ,
n
∏
i=1
IXi ,τ)→ (Y,
n
∏
i=1
IYi ,ν) is multi-fuzzy homeomorphism;
(ii) f : (X ,
n
∏
i=1
IXi ,τ)→ (Y,
n
∏
i=1
IYi ,ν) and f
−1 : (Y,
n
∏
i=1
IYi ,ν)→ (X ,
n
∏
i=1
IXi ,τ) are multi-fuzzy con-
tinuous;
(iii) f : (X ,
n
∏
i=1
IXi ,τ)→ (Y,
n
∏
i=1
IYi ,ν) is both multi-fuzzy continuous and multi-fuzzy open.
Definition 3.10. If τ j, j ∈ J are Lowen type multi fuzzy topologies in
n
∏
i=1
IXi , then ∩
j∈J
τ j is a multi-
fuzzy topology in
n
∏
i=1
IXi .
Definition 3.11. A multi-fuzzy set F in a Lowen type multi-fuzzy topological space (X ,
n
∏
i=1
IXi ,τ)
is said to be a multi-fuzzy neighbourhood of a point x ∈ X if there is a G ∈ τ such that G ⊑ F
and µF(x) = µG(x)≻ 0ˆ.
By Fx we denote the family of all multi-fuzzy neighbourhoods of x which are determined by the
multi-fuzzy topology τ on X .
Proposition 3.12. If Fx and Gx are multi-fuzzy neighbourhoods of x, then Fx⊓Gx is also a multi-
fuzzy neighbourhood of x.
Proposition 3.13. A multi-fuzzy set A in
n
∏
i=1
IXi is open in the Lowen type multi-fuzzy topological
space (X ,
n
∏
i=1
IXi ,τ) iff for every x ∈ X satisfying µA(x) ≻ 0ˆ, there is Fx ⊑ A,Fx ∈ τ and µFx(x) =
µA(x).
Proposition 3.14. Let (X ,
n
∏
i=1
IXi ,τ) be a Lowen type multi-fuzzy topological space. Then for each
x ∈ X , the family Fx of all multi-fuzzy neighbourhoods of x satisfies:
(i) every non-null constant multi-fuzzy set belongs to Fx.
(ii) N(x)≻ 0ˆ, for each N ∈Fx.
(iii) If N,M ∈Fx, then N ⊓M ∈Fx.
(iv) Let F ∈
n
∏
i=1
IXi and x ∈ X with µF(x) ≻ 0ˆ. If for each i ∈ {1,2, ...,n} and for each 0 < ri <
µFi(x) there exists F
ri ∈Fx with F
ri ⊑ F and µ
F
ri
i
(x)> ri, then F ∈Fx.
(v) If N ∈Fx, then there exists G ∈Fx such that G⊑ N and µN(x) = µW (x) and if µG(y) ≻ 0ˆ,
then G ∈Fy.
Proof. We only give the proof of (iv). We see that if N ∈Fx, N ⊑W and µN(x) = µW (x), then
W ∈Fx .......(∗) and if N j ∈Fx, j ∈ △, then ⊔
j∈△
Ni ∈Fx.........(∗∗). Let F ∈
n
∏
i=1
IXi and x ∈ X
with µF(x)≻ 0ˆ. Also let for each i∈ {1,2, ..,n} and for each 0< ri < µFi(x) there exists F
ri ∈Fx
with Fri ⊑ F and µ
F
ri
i
(x)> ri. Choose j ∈ {1,2, ..,n}. Then for each 0< r j < µFj(x) there exists
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Fr j ∈Fx with F
r j ⊑ F and µ
F
r j
j
(x) > r j. Let µF ji
(x) = ∨
0<r j<µFj (x)
µ
F
r j
i
(x), for all i = 1,2, ..,n.
Then F j ⊑ F and µ
F
j
j
(x) = µFj(x). Thus for each i∈ {1,2, ...,n}, there exists F
i such that F i ⊑ F
and µF ii
(x) = µFi(x). Let F0 = ⊔{F
i : i= 1,2, ...,n}. Then µF0(x) = µF(x) and F0 ⊑ F. Hence by
(∗) and (∗∗), F ∈Fx.
Definition 3.15. Let X be a set and L be a function from X into the power set of
n
∏
i=1
IXi . Then L
is called a multi-fuzzy neighbourhood system on X if L satisfies:
(N1) for each x ∈ X , every non-null constant multi-fuzzy set belongs to L (x).
(N2) If N ∈L (x), then µN(x)≻ 0ˆ.
(N3) If N,M ∈L (x), then N⊓M ∈L (x).
(N4) Let F ∈
n
∏
i=1
IXi and x ∈ X with µF(x) ≻ 0ˆ. If for each i ∈ {1,2, ..,n} and for each 0 < ri <
µFi(x) there exists F
ri ∈L (x) with Fri ⊑ F and µ
F
ri
i
(x)> ri, then F ∈L (x).
(N5) If N ∈ L (x), then there exists G ∈ L (x) such that G ⊑ N and µN(x) = µG(x) and if
µG(y)≻ 0ˆ, then G ∈L (y).
Proposition 3.16. If L is a multi-fuzzy neighbourhood system on X , we define τL as the family
of all multi-fuzzy sets G in X with the property that if µG(x) ≻ 0ˆ, then G ∈L (x) and Φ ∈ τL .
Then (X ,
n
∏
i=1
IXi ,τL ) is a Lowen type multi-fuzzy topological space. Also, for every x ∈ X , the
family Fx of all multi-fuzzy neighbourhoods of x with respect to the multi-fuzzy topology τL is
exactly L (x).
Proof. Clearly every constant multi-fuzzy set belongs to τL . Now we see that from (N4), we
have N ∈L (x), N ⊑W and µN(x) = µW (x), thenW ∈L (x).......(∗)
and if N j ∈L (x), j ∈△, then ⊔
j∈△
Ni ∈L (x)........(∗∗)
For each j ∈△, let G j ∈ τL . Set H = ⊔
j∈△
G j. If µH(x) ≻ 0ˆ, then there exists nonempty Jx ⊂△
such that µG j(x) ≻ 0ˆ for all j ∈ Jx and ∨
j∈△
µG j(x) = ∨
j∈Jx
µG j(x). By definition of τL , if j ∈ Jx,
G j ∈L (x). From (∗∗) we conclude that ⊔
j∈Jx
G j ∈L (x). By (∗), H ∈L (x). Therefore H ∈ τL .
Let G,H ∈ τL and suppose that µG⊓H(x) ≻ 0ˆ. Then µG(x) ≻ 0ˆ and µH(x) ≻ 0ˆ. Hence, by
the definition of τL , G and H are in L (x). It follows from (N3) that G⊓H ∈ L (x). Thus
G⊓H ∈ τL .
If N ∈Fx, then there exists G ∈ τL such that G ⊑ N and µN(x) = µG(x) ≻ 0ˆ. By definition of
τL , G ∈L (x).
Conversely let N ∈L (x). Then by (N2), µN(x) ≻ 0ˆ and by (N5) there exists G ∈L (x) such
that G ⊑ N and µG(x) = µN(x) and if µG(y) ≻ 0ˆ, then G ∈L (y). It follows from definition of
τL , G ∈ τL . Consequently N ∈Fx.
Proposition 3.17. Let (X ,
n
∏
i=1
IXi ,τ) be a Lowen type multi-fuzzy topological space and Lτ be a
function from X to power set of
n
∏
i=1
IXi , defined by Lτ(x) = Fx, where x ∈ X and Fx is the family
of all multi-fuzzy neighbourhoods of x with respect to τ. Then Lτ is a multi-fuzzy neighbourhood
system on X and τLτ = τ.
Proof. By Proposition 3.14, Lτ satisfies the conditions (N1) to (N5) and therefore is a multi-
fuzzy neighbourhood system on X . By Proposition 3.16, τLτ is a multi-fuzzy topology on X .
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Also, from Proposition 3.16, we can say that for each x ∈ X , the multi-fuzzy neighbourhoods
of x with respect to τLτ are exactly same as the members of Fx. Since a multi-fuzzy set U is
open iff it is a multi-fuzzy neighbourhood of each point x satisfying µU (x) ≻ 0ˆ, it follows that
τLτ = τ.
Proposition 3.18. Let (X ,
n
∏
i=1
IXi ,τ) and (Y,
n
∏
i=1
IYi ,ν) be two multi-fuzzy topological spaces and
f : X → Y be any map. Then the following conditions are equivalent:
(a) The function f is multi-fuzzy continuous.
(b) The inverse image of every multi-fuzzy closed set is multi fuzzy closed.
(c) For every x ∈ X and every multi-fuzzy nbd N of f (x), f−1(N) is a multi-fuzzy nbd of x.
(d) For every x ∈ X and every multi-fuzzy nbd N of f (x), there is a multi-fuzzy neighbourhood
M of x such that f (M)⊑ N and µM(x) = µ f−1(N)(x).
4 Product multi-fuzzy topology
Unless otherwise mentioned, in the rest part of this paper, multi-fuzzy topological space means
Lowen type multi-fuzzy topological space.
Definition 4.1. Let F,G be two fuzzy subsets of X andY respectively. Then their product, denoted
by F×G, is defined by µ(F×G)(x,y) = min{µF(x), µG(y)},∀(x,y) ∈ X×Y.
Definition 4.2. Let F ∈
n
∏
i=1
IXi and G ∈
n
∏
i=1
IYi respectively. Then their product is defined by
µ(F×G)i = µFi×Gi , for i= 1,2, ...,n, i.e. F×G=≺ (µFi(x)∧µGi(y))
n
i=1 ≻ . It is clear that F×G
is a multi-fuzzy set over X×Y , i.e. F×G ∈
n
∏
i=1
IX×Yi .
Definition 4.3. Let F ∈ IX and G ∈
n
∏
i=1
IYi . Then their product is defined by µ(F×G)i = µF×Gi , for
i= 1,2, ...,n, i.e. F×G=≺ (µF(x)∧µGi(y))
n
i=1 ≻ . Also, F×G is a multi-fuzzy set over X×Y ,
i.e. F×G ∈
n
∏
i=1
IX×Yi .
Proposition 4.4. Let (X ,
n
∏
i=1
IXi ,τ) and (Y,
n
∏
i=1
IYi ,ν) be two multi-fuzzy topological spaces. Then
F = {F×G : F ∈ τ,G ∈ ν} forms an open base for a multi-fuzzy topology on X×Y .
Definition 4.5. Let (X ,
n
∏
i=1
IXi ,τ) and (Y,
n
∏
i=1
IYi ,ν) be two multi-fuzzy topological spaces. The
multi-fuzzy topology in X ×Y induced by the open base F = {F×G : A ∈ τ,G ∈ ν} is said to
be the product multi-fuzzy topology of the multi-fuzzy topologies τ and ν . It is denoted by τ×ν .
The multi-fuzzy topological space [X×Y,
n
∏
i=1
IX×Yi ,τ×ν] is said to be the multi-fuzzy topological
product of the multi-fuzzy topological spaces (X ,
n
∏
i=1
IXi ,τ) and (Y,
n
∏
i=1
IYi ,ν).
Proposition 4.6. Let (X ,
n
∏
i=1
IXi ,τ) be the product space of two multi-fuzzy topological spaces
(X1,
n
∏
i=1
I
X1
i ,τ1) and (X2,
n
∏
i=1
I
X2
i ,τ2) respectively. Then the projection mappings pi j : (X ,
n
∏
i=1
IXi ,τ)→
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(X j,
n
∏
i=1
I
X j
i ,τ j), j= 1,2 are multi-fuzzy continuous and multi-fuzzy open. Also τ1×τ2 is the small-
est multi-fuzzy topology in X1×X2 for which the projection mappings are multi-fuzzy continuous.
If further, (Y,
n
∏
i=1
IXi ,ν) be any multi fuzzy topological space then the mapping f : (Y,
n
∏
i=1
IYi ,ν)→
(X ,
n
∏
i=1
IXi ,τ) is multi-fuzzy continuous iff the mappings pi j ◦ f : (Y,
n
∏
i=1
IYi ,ν)→ (X j,
n
∏
i=1
IXi ,τ j), j=
1,2 are multi-fuzzy continuous.
Proposition 4.7. Let (X ,
n
∏
i=1
IXi ,τ) be a multi-fuzzy topological space. Then the mapping f :
(X ,
n
∏
i=1
IXi ,τ)→ (X ,
n
∏
i=1
IXi ,τ) defined by f (x) = x, ∀x ∈ X is multi-fuzzy continuous.
Proof. The proof is straightforward.
Proposition 4.8. Let (X ,
n
∏
i=1
IXi ,τ) and (Y,
n
∏
i=1
IYi ,ν) be two multi-fuzzy topological spaces. Then
the mapping f : (X ,
n
∏
i=1
IXi ,τ)→ (Y,
n
∏
i=1
IYi ,ν) defined by f (x) = y0, ∀x ∈ X , where y0 is a fixed
element of Y is multi-fuzzy continuous.
Proof. Let F ∈ ν. Then for each i= 1,2, ..,n, µ( f−1(F))
i
(x)= µ f−1(Fi)(x)= µFi( f (x))= µFi(y0)=
ci(say), ∀x ∈ X . So,
(
f−1(F)
)
i
= ci. If ci 6= 0, letC
n
X be the multi-fuzzy set such that µ(CnX )i = ci,
for i = 1,2, ..,n. Then f−1(F) =CnX ∈ τ. Also, if ci = 0, then f
−1(F) = ΦnX ∈ τ . Therefore f is
multi-fuzzy continuous.
Proposition 4.9. Let (X ,
n
∏
i=1
IXi ,τ) be the product space of two multi-fuzzy topological spaces
(X1,
n
∏
i=1
I
X1
i ,τ1) and (X2,
n
∏
i=1
I
X2
i ,τ2) respectively, Let a∈X1 (or X2). Then the mapping f : (X2,
n
∏
i=1
I
X2
i ,τ2)
→ (X ,
n
∏
i=1
IXi ,τ) (or f : (X1,
n
∏
i=1
I
X1
i ,τ1)→ (X ,
n
∏
i=1
IXi ,τ)) defined by f (x2) = (a,x2) (or f (x1) =
(x1,a)) is multi fuzzy continuous ∀x2 ∈ X2(or ∀x1 ∈ X1).
Proof. Let pi j : (X ,
n
∏
i=1
IXi ,τ)→ (X j,
n
∏
i=1
I
X j
i ,τ j), j = 1,2 be the projection mappings. Now pi1 ◦ f :
(X2,
n
∏
i=1
I
X2
i ,τ2)→ (X1,
n
∏
i=1
I
X1
i ,τ1) is such that pi1( f (x2))= a, ∀x2 ∈X2 and pi2◦ f : (X2,
n
∏
i=1
I
X2
i ,τ2)→
(X2,
n
∏
i=1
I
X2
i ,τ2) is such that pi2( f (x2)) = x2, ∀x2 ∈ X2. So, by Proposition 4.7 and Proposition 4.8,
mappings pi2 ◦ f and pi1 ◦ f are multi-fuzzy continuous. Therefore by Proposition 4.6, f is multi-
fuzzy continuous.
Proposition 4.10. Let (X ,
n
∏
i=1
IXi ,τ) be the product space of two multi-fuzzy topological spaces
(X1,
n
∏
i=1
I
X1
i ,τ1) and (X2,
n
∏
i=1
I
X2
i ,τ2) and (Y,
n
∏
i=1
IYi ,ν) be the product space of two multi-fuzzy topo-
logical spaces (Y1,
n
∏
i=1
I
Y1
i ,ν1) and (Y2,
n
∏
i=1
I
Y2
i ,ν2). If the mappings f j of (X j,
n
∏
i=1
I
X j
i ,τ j) into (Yj,
n
∏
i=1
I
Y j
i ,ν j),
j = 1,2 are multi-fuzzy open, then the product mapping f = f1 × f2 from (X ,
n
∏
i=1
IXi ,τ) into
(Y,
n
∏
i=1
IYi ,ν) defined by f (x1,x2) = ( f1(x1), f2(x2)) is multi-fuzzy open.
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Proof. Let U ∈ τ. Then there exist multi-fuzzy open sets U jm ∈ τ j, j = 1,2,m ∈ △ such that
U = ⊔
m∈△
[U1m×U2m].
Now f (U) = ⊔
m∈△
[ f1(U1m)× f2(U2m)].
Since f j, j = 1,2 are multi-fuzzy open, f (U) is multi-fuzzy open in ν and hence the product
mapping f = f1× f2 of (X ,
n
∏
i=1
IXi ,τ) into (Y,
n
∏
i=1
IYi ,ν), defined by f (x1,x2) = ( f1(x1), f2(x2)) is
multi-fuzzy open.
Proposition 4.11. Let (X ,
n
∏
i=1
IXi ,τ) be the product space of two multi-fuzzy topological spaces
(X1,
n
∏
i=1
I
X1
i ,τ1) and (X2,
n
∏
i=1
I
X2
i ,τ2) and (Y,
n
∏
i=1
IYi ,ν) be the product space of two multi-fuzzy topo-
logical spaces (Y1,
n
∏
i=1
I
Y1
i ,ν1) and (Y2,
n
∏
i=1
I
Y2
i ,ν2). If the mappings f j of (X j,
n
∏
i=1
I
X j
i ,τ j) into (Yj,
n
∏
i=1
I
Y j
i ,ν j),
j = 1,2 are multi-fuzzy continuous, then the product mapping f = f1× f2 from (X ,
n
∏
i=1
IXi ,τ) into
(Y,
n
∏
i=1
IYi ,ν) defined by f (x1,x2) = ( f1(x1), f2(x2)) is multi-fuzzy continuous.
Proof. Since (piY1 ◦ f )(x1,x2)= piY1( f1(x1), f2(x2))= f1(x1)= f1[piX1(x1,x2)] = ( f1 ◦piX1)(x1,x2),
∀(x1,x2) ∈ X1×X2, piY1 ◦ f = f1 ◦piX1. Also, f1 and piX1 are multi-fuzzy continuous and hence
from Proposition 3.8, piY1 ◦ f is multi-fuzzy continuous.
Similarly, piY2 ◦ f is multi-fuzzy continuous. Therefore from Proposition 4.6, f is multi-fuzzy
continuous.
Definition 4.12. A multi-fuzzy topological space (X ,
n
∏
i=1
IXi ,τ) is said to be second countable if
there exists a countable open base B for τ.
Proposition 4.13. Let (X1,
n
∏
i=1
I
X1
i ,τ1) and (X2,
n
∏
i=1
I
X2
i ,τ2) be two second countable multi-fuzzy
topological spaces. Then their product space (X ,
n
∏
i=1
IXi ,τ) is also second countable.
Proof. Let B1 = {B j : j ∈ J} and B2 = {B
′
k : k ∈ K} be countable open base for τ1 and τ2
respectively. Now, B = {F×G : F ∈ τ1,G ∈ τ2} is an open base for τ.
Any F ∈ τ1,G ∈ τ2 can be written as F = ⊔
j∈JF
B j and G= ⊔
k∈KG
B′k, for some JF ⊆ J and KG ⊆ K.
Then F×G=
(
⊔
j∈JF
B j
)
⊓
(
⊔
k∈KG
B′k
)
= ⊔
( j,k)∈JF×KG
(B j ⊓B
′
k)
= ⊔
( j,k)∈JF×KG
(B j×B
′
k).
Since J,K are countable, hence B is countable.
Definition 4.14. Let (X ,
n
∏
i=1
IXi ,τ) be a multi-fuzzy topological space. A family A of multi-fuzzy
sets is a cover of a multi-fuzzy set F if F ⊑ ⊔{A : A ∈A }. It is an open cover if each member of
A is a multi-fuzzy open set. A subcover of A is a subfamily which is also a cover.
Definition 4.15. A multi-fuzzy topological space (X ,
n
∏
i=1
IXi ,τ) is said to be compact if each open
cover of the space has a finite sub-cover.
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Definition 4.16. Let X be a non-empty set and Q be a subset of X . A family A of multi-fuzzy sets
is a cover of Q if sup
A∈A
µAi(x) = 1,∀x ∈ X ,∀i= 1,2, ..,n.
Proposition 4.17. Let (X1,
n
∏
i=1
I
X1
i ,τ1) and (X2,
n
∏
i=1
I
X2
i ,τ2) be two compact multi-fuzzy topological
spaces. Then their product space (X ,
n
∏
i=1
IXi ,τ) is also compact.
References
[1] C. L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24 (1968) 182-190.
[2] Asit Dey, Madhumangal Pal, Multi-fuzzy Vector Space and Multi-fuzzy Linear Transfor-
mation over a Finite Dimensional Multi-fuzzy set, The Journal of Fuzzy mathematics, 24
(1) (2016) 103-116.
[3] Asit Dey, Madhumangal Pal, Multi-fuzzy complex numbers and multi fuzzy complex sets,
International Journal of Fuzzy Systems Applications 4(2) (2014) 21-37.
[4] M. Ferraro, D. H. Foster, Differentiation of Fuzzy Continuous Mapping on Fuzzy Topolog-
ical Vector Spaces, Journal of Mathematical Analysis and Applications 121 (2) 1987.
[5] A. K. Katsaras and D. B. Liu, Fuzzy vector spaces and fuzzy topological vector spaces, J.
Math. Anal. Appl. 58 (1977) 135-146.
[6] A. K. Katsaras, Fuzzy topological vector spaces I, Fuzzy Sets and Systems 6 (1981) 85-95.
[7] A. K. Katsaras, Fuzzy topological vector spaces II, Fuzzy Sets and Systems 12 (1984) 143-
154.
[8] C. C. Lee, Fuzzy logic in control systems: fuzzy logic controller, Part - II, IEEE Transac-
tions on Systems, Man and Cybernatics 20 (2) (1990) 419-435.
[9] R. Lowen, Fuzzy topological spaces and fuzzy compactness, J. Math. Anal. Appl. 56 (1976)
621-633.
[10] Pu Pao-Ming, Liu Ying-Ming, Fuzzy topology.1. Neighborhood structure of a fuzzy point
and Moore-Smith convergence, J. Math. Anal. Appl. 76 (1980) 571-599.
[11] C. K. Wong, Fuzzy topology: Product and quotient theorems, J. Math. Anal. Appl. 45
(1974) 512-521.
[12] S. Sebastian, T.V. Ramkrishnan, Multi-Fuzzy sets, International Mathematical Forum 5 (50)
(2010) 2471-2476.
[13] S. Sebastian, T.V. Ramkrishnan, Multi-Fuzzy topology, International Journal of Applied
Mathematics 24 (1) (2011) 117-129.
[14] S. Sebastian, T.V. Ramkrishnan, Multi-Fuzzy sets: An extension of fuzzy sets, Fuzzy In-
formation and Engineering (2011) 35-43.
[15] L. A. Zadeh, Fuzzy sets, Inform. and Control. 8 (1965) 338-353.
10
